Journal of Statistical Physics, Vol. 117, Nos. 56, December 2004 (© 2004)

Ergodicity for the Dissipative Boussinesq Equations
with Random Forcing
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We study the stationary measure for the two-dimensional Boussinesq equation
with random forcing. We prove the ergodicity for the two-dimensional stochas-
tically forced Boussinesq equation. We also study the Galerkin truncations of
the three-dimensional Boussinesq equations under degenerate stochastic forc-
ing. We follow closely the previous results on the stochastically forced Navier—
Stokes equations.

KEY WORDS: Boussinesq equations; stochastic equations; ergodicity; invari-
ant measure.

1. INTRODUCTION

We are interested in the following n-dimensional stochastically forced dis-
sipative Boussinesq equations with n=2 or 3:
Bt (u-Vyu+Vp—vAu+00é, = ulnl
V-u=0, (1.1)
B+ (u-V)o —kAg = TNe(D)

where u is the fluid velocity vector field, p is the scalar pressure, 6 is
the scalar temperature, v is the positive normalised fluid viscosity or Pra-
ndtl number, « is the positive thermal diffusivity or Lewis number, o is
the Rayleigh number. 06é, can be interpreted as the gravitational force,
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i.e., €, is the unit vertical direction to the earth and W,, Wy are the
white noises. Boussinesq system in itself has an important physical mean-
ing. Furthermore, two-dimensional Boussinesq system has the similarity
with the three-dimensional axisymmetric flows. The global in time exis-
tence of the strong solution for two-dimensional deterministic dissipative
Boussinesq system is standard and well known (for the recent progress on
the dissipative Boussinesq type equations, see refs. 1 and 2). The questions
we are interested in are the statistical properties of the stochastic system.
Our first main result is that if all the determining modes are forced then
the two-dimensional stochastically forced Boussinesq equation possesses a
unique stationary measure. The ergodicity of the two-dimensional stochas-
tically forced Navier—Stokes equation has been intensively studied by many
authors (e.g. see refs. 3-10 and references therein). Moreover, the ergodic-
ity for the more general dissipative equations including stochastic Ginz-
burg-Landau equations was studied in ref. 11. We follow the strategy of
ref. 6 and 11 closely. For the proof of the first main result, we take W,
and Wy as the following simple form. For N >0, let

Wa(x, =" opwi(t, @)ex(x)

[kISN

and

WoCx, )= Y Gwi(t, )& (x),
|kISN

where wy’s are standard complex valued Wiener process satisfying w_g (t) =
wi(¢) and oy, 6 € C with |oy| >0, are the amplitudes of the forcing,

{eku): (;;"2) @ /1K), kezz}

are the basis in the space of L? divergence-free, mean zero vector fields on
T2, the two-dimensional torus and {&;(x) = e**, k € Z?} are the basis in
the space of L? scalar fields on T2(we denote L2 for the discrimination of
L? vector field). We denote L2 @ L? by 2. Define B(u, v) = — Pgiy (u - V),
A%u = —PgyAu, where Py, is the L? projection operator onto the space
of divergence-free vector fields. Let o2, = max{|og|* : [k| < N}, 62, =
max{|Gx|* : [k| <N}, =" <n k¥ lox|* and & =" <y [KI*16k]?. Writ-
ing u(x) =Y ,urer(x) and O(x) = Zk Orer(x), we will define HY*={u=
(ur), g =0, Yy [k|**|ug|*<oo} and H*={0=(6k), p=0, Y_; Ik|**|6k]><oo}.
In the following, we also denote H* by H® for simplicity. We will work on
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the probability space (22, F, F;, P, x;). We associate  with the canonical
space generated by all dwy(t). F and F; are, respectively, the associated
global o-algebra and filtration generated by W (r). Lastly, x; is the shift on
Q defined by yx; dwi(s) =dwi (s +1). Notice that yx; is an ergodic group of
measure-preserving transformations with respect to P. Expectations with
respect to P will be denoted by E. Projecting (1.1) onto the divergence-free
vector field, we obtain the following system of Ito stochastic equation:

du+UA2u(x, t)dt =B(u, u)dt +oca@)dt +dW,(x, t),

dO — kA6 (x, t)dt=—(u-V)0dt +dWy(x, t), (1.2)

where a(x) = —Pgyy(xe,). (1.2) _generates a continuous Markovian sto-
chastic semi-flow on L2 =L? x L? defined by ¢y (uo, 60) = (u, 0)(t, w; s,
(1o, 6p)). When s =0, we write ¢.

Therrem 1.1. There exist some absolute constant € and C such that
if N2>C (& + C1€g ), then (1.2) has a unique stationary measure on L2

The strategy of the proof of Theorem 1.1 is as follows. The exis-
tence of the stationary measure is rather standard(see ref. 4). Hence in this
paper, we are only interested in the uniqueness of the stationary measure.
The uniqueness of the stationary measure of two-dimensional Navier—
Stokes equations is strongly studied by many authors. Our strategy for the
proof of Theorem 1.1 is to reduce the dynamics of the Boussinesq equa-
tion to the dynamics of a finite dimensional set of low modes with mem-
ory. The reduced dynamics are no longer Markovian but rather Gibbsian.
The finite dimensional Gibbsian dynamics have a nondegenerate noise,
and have a unique stationary measure if the memory is short ranged. If
p is any given stationary measure on LZ, then it can be extended to a
measure , on the path space C((—o0, 0], L2). Let A= {(u(s), 0(s)) €
C((—o0, 0], L?), u(t;) € A;, i =0, ...,n}, where A; are Borel sets of L2
for some 1o, ...,t,. We let B={((u, 0), w), (u, ) € Ao, G, ) €A, i =
1,...,n}. We will define p,(A)= (P x u)(B). Symbolically, if (u(-), 6(:)) €
C((—o0, 0],L2), then WP (u, 0))(s) = ¢, 6)(0) for some s €[0, ¢] and
(Y (u, 0))(s)=(u(s), 6(s)) for s <0. If p is invariant then p, is invariant
in the sense that

/ F((u, 0))dup(u, 0) =JE/ F(xWry” (u, 0))dpp(u, )
C((—o00,0],L2) C((—0o0,0],L2)

for all bounded functions on C((—o0, 0], ]L2) and r >0.
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For our second main result, we consider the finite dimensional Galer-
kin approximations of the three-dimensional dissipative Boussinesq equa-
tions with degenerate stochastical forcing in the domain T3, with periodic
boundary conditions, where W,, Wy are Brownian motions with some sim-
plifying assumptions stated later. We write

u(t,x)= Z up()e'**,
kez?
0(t.x)=Y_ O(t)e’™,

keZ3

where u_; =ity and 6_; =6;. Then as usual we project our equation on the
space of divergence-free vector fields and finally we take the finite dimen-
sional Galerkin truncation. We also set

dw, = Z qurdBr e and  dWy= Z qox dpL, e~

Hence we obtain the following finite-dimensional system of stochastic
differential equations:

k-u
dug = [k =i 3K wn) = )

- k-6
—o (G — |k—|2kk)]dt +qui dBr,.

oy = [—rc|k*0 —i Y (k- un)Oidt +qox dBp,

where 6, = (0,0, 6,)7, N is a fixed threshold, and sum is over 4, [ € Cy and
h+1=k. We define

Ky =1{keZ lkloo <N, k%(0, 0, 0)},

where we exclude (0, 0, 0) because in this part we are interested in the case
under no mean stochastic forcing. For simplicity, we assume that the noise
takes values in the space of divergence-free vector fields and covariance
is diagonal in the Fourier space. Now we are ready to state our second
theorem.

Theorem 1.2. Let K be the set of modes forced. Assume that the
noise satisfies the above assumptions and the set X contains the three
indices (1,0,0), (0,1,0), and (0,0, 1). Then the finite dimensional system
admits a unique invariant measure.
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The existence of an invariant measure can be proved by standard
compactness argument. For the proof of the uniqueness, we reduced
it to two parts. First, we prove the transition probability densities are
regular, i.e., the diffusion operator is hypoelliptic. Then we prove the
associated Markov process is irreducible in the sense starting from any
initial position, the dynamics enters any neighborhood of the origin infi-
nitely often(see refs. 12 and 13). Once we have these two properties, we
can follow some arguments in ref. 4 to prove Theorem 1.2. Recently, many
authors have intensively studied above techniques for the ergodicity of the
solutions of the stochastic equations(see refs. 5, 14 and 15 and references
therein). For this part, we follow closely refs. 5 and 15. In the following,
C will be used as a generic constant.

2. ENERGY ESTIMATES

In this section, we derive energy and enstrophy estimates using similar
method in refs. 6 and 9.

We fix a positive integer M and consider the Galerkin approximations
defined by u™ (1) = Y <y ui” Dex and 0N (1) = 3 < 0 (02
uM () and 0™ (1) satisfy an equation of exactly the same form as the
full solution except the nonlinearity has been projected to the terms of
order less than or equal to M. We let &M =3 )/ [k|?|ox|* and &M =
Z|k|< M |k|?|64|%. Since our estimates are independent of the order of
approximations M, we sometimes neglect the superscript M. Applying
Ito’s formula to the maps {uz} — (3 lux|?)? and {5} — (3 |6k|>)P, we have
the followings for the energy moments:

i)} = 2plu) ;7 [=vIAu(®) |}, di +0 (@@ ), u(®) 2 dt
+Hu (). dWy) 2]+ 2p(p = DI O lue () Plowl?) dt
+plu)2YeuM ar

and

A0 = 2pl01T V[—k|VO®)2, di + (0(1). dWp) 2]
+2p(p = DIOOLTY O 106 P16l dr
+plo@ Y egMar.

Here (A%u(r), dW, (1)), and (A%0(t), dWy(1)),;» denote Y, [k|*
up()ordwi (t) and Y, [k|*0k(1)6xd Wi (t), respectively. The analysis of the
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energy moments of the Boussinesq equations is slightly different from that
of two-dimensional Navier-Stokes equations. First we remark that

la(@@))|2 < ClO@)] 2.
For a fixed H >0, we denote the stopping time T =inf{t >0: |u(t)|

H? or |6’(t)|22 > H?}. Denoting by M} and M9 the local martingale term

we denote the stopped martingales by M*T and M?T. The quadratic var-
iation of M*T and M?T are finite as follows:

(M7 MT), < 2p(0ma)? / (s AT ds < 2p(Oman) HP1 < 00
and
t
~ 2 ~
MO, M"Y}, < 2p(Gmax)’ /0 16(s AT} 5 ds <2p(Gmax)” H?P 1 < 0.

Since E[M“T, M*T], E[M°T, M®T] < oo, we have EM*T =EMPT =0. Using
the optional stopping time lemma and the fact that M = M;‘ATT and

0 _ ag0T
M;, =M. ,, we have

tAT
Bl AT +20E [ o) 1auGo) i ds
0
tAT 3
<E|u(0)| +vaE/ |u(s)| ds+pKC1E/ |9(s)|1’ds
0
tAT
+#2p(p= DB [ ) (k5P ds
k
tAT 5 1
+pIE/ lu(s)[2F Ve ds
0
and
tAT 5 1
CIEI(t AT)|7 +2pKC1]E/ 07V |V, ds

tAT
<CEB(0)[> +2p(p—1>61/0 0612106 21661 ds

tAT
+pCiE [ 06 Vg as.
0
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Using Poincaré’s inequality produces that

Elu(t AT)[25 +CIEIB( A T)|7 +pvf ElAu(s) 2 lus) 29" ds

AT
+peCy /0 EIVOs)2,106) 24" ds
<EJu(0)2]+CEI00)

tAT
H2p(p — 1) (Omax)* + pEMIE /0 )2 ds

tAT
+C1[2P(P— 1)(6'mdx)2+pggM]/0 E|6(s )|2(p l)d

Since u(t) and 6(¢) are continuous in time, 7 — oo as H — oo and
t AT —t. By taking M — oo, we have for p=1,

t t
]Elu(t)liz+C1E|9(t)|iz+vIE/0 |Au(s)|izds+xc11Ef0 IVO(s)[7,ds

<Elu(0)7,+ CIEIO0)[;, + (£ + 1t @.1)

and for p>1 and some constant Cy >0,

B2+ CBIBO 22+ o [ BIAu6) Gl 2 s
+prC / EIVO(s)12,10() 27~ ds
<Elu(0)[2; +CiE[6(0)]> +c0/ B2y ds

+CoCy / El6(s)[2 " ds. (2.2)

By applying Gronwall’s inequality, we obtain the following estimates on
the energy moments:

Elu®))?, + CEO@®), < e ™ (E|u(0)2, + C1EIO(0)[2,)
EV+C &Y

1— —min{v, k}t 2.3
min{v, K}( ¢ ) (2.3)
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and for any p>1,
E|M(I)| +C1]E|9(t)|
< emin{v, "}’(E|u(0)| +C1E|9(0)| 9

1
+c0/ M0 Bl () 2PV + CEIO )Y ds. (2.4)
0

For the analysis of the enstrophy moments, we need L? estimates of tem-
perature 6. Applying Ito’s formula to the map 6 — |6]9 produces

A6 = (—u-V|6)9 +qrl6192000 + L1 (

D gpe- 2O IaePle* T 1P
+4q1617720d Wy.

Define stopping time 7 =inf{s >0: |0(t)|L2(q y=H H?~1}. By integrating over
time interval [0, r AT], it follows that:

tANT
9GAT) < [6(0)]9 +q / 1919720 d Wi s)
0

AT -1
+/ (—u-V|0)7 +/<q|9|q_29A9+%
0

X012 I6ul*)) ds.

Integrating over T2 and using the Fubini Theorem, we obtain that

4 _1 tAT
|e(mT)|gq+(" )Kf IV16()[9/) 2, ds

<l6O)%, + Q(q (Z|k|)/ 10(s)1%, % ds

t
+qf <|9|Q*29,dW9>Lz
0

By taking expectation on the both sides of the above inequality and using
optional stopping time lemma, it is immediate that

4g-1) [
B0, + (q2 )I{/ E|VI61/22, ds
q

<Ep O, + T3 k|>f @ ds.  (25)
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Thus we have expectation L9 estimates of the temperature 6.
For the enstrophy estimates we consider the following Ito equations:

d|Au®)s = 2p|Au@) L oI A2u() 2, dt — o (Aa(® (1)), Au()) 2 d1
HAZu(@), AW, 2]+ 2p(p = DIAu@® 147
<O Ik lux () |ox|P)dt
+plau@ Y~V eM ar,

and

dIVeD17h = 2pIVO Y [k |A8 ()2, di — (u- V6, AB) 2 dt
+H(AB(), dWp) 2]+ 2p(p — DIVOD) [
><<Z k|7 |6k (1)1 |5 |*) dt

+p|V9(t)|2(p DeiM gp.

Define the stopping time 7 =inf{r >0:|A2u(t)|> > H? or |AO(t)|> > H?}.
First we consider p=1 case.
We begin the enstrophy estimates by providing following interpolation
inequality for ¢, r satisfying 1 <r=02g—4)/(q +2):
4r(g+2)—4 2,4 2
C|V9|izr < C|A9|22”(‘1+ )—4q)/(r(q+ ))|9|L%/r(q+ )

kCq
< 7|A9|iz+0|9|‘£q

We also remark that |Aa(9)|i2 <C|V@|i2 for some constant C > 0. Inte-
grating over the time interval [0, t A T) and using Young’s inequality and
the above inequalities(we take ¢ and r to satisfy above condition), then we
have

tAT
|Au(mT)|§2+2u/ |A2u(s)[3, ds
0
tAT
AR +2 [ (0%t aWio
0

tAT KCl tAT
+v/ |Au(s)|§2ds+7f IVO()I7,ds+EM(t AT)
0 0
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and

tAT
c1|v9(mT)|iz+2KCI/ |A0 ()13, ds
0
tAT
<c1|ve(0)|§2+c1/0 (AB(s), dWp) ;2

tAT
e / (- V6), A8Y 2| ds+ CLEM (¢ A T)
0

tAT ) tAT
gcl|v9(0)|§2+clf (AO(s), dW@)L2+§/ |W|L . ds
0 0 r=1

tNT
+C/ IVO[1, ds+C1EM (A T)
0

) tAT v tIAT )
<cl|ve<0)|L2+clfo <Ae(s>,dwe<s>>Lz+§/o |Au(s) 2, ds

KC1 tAT tAT
+— |A6 ()17, ds+Cf 1019, ds+C1(t ATEMM.
0 0

Taking expectation on the both sides, adding above two inequalities, and
using Optional Stopping Lemma(H — oo, T — 00), we obtain

t t
E|Au(;)|iz+clla|v9(r)|iz+vf E|Au(s)]3, ds+KC1/ E|AO(s)|7, ds
0 0
<E[Au(0)[3, + CIE|VOO) |7, + CEO(1)|1,1 + (£} + C1E)t. (2.6)
For the general p case, we proceed as the following. First we note that for
small € > 0,(e.g., we take g=2p+4)
2 1
VO™V (VO 4 Vil 200 1)
<6|Vu|2(p laul,
+C|V0|(4p 72p+2)/(2p71)|A9|2(17*1)/2p71
<elVul 9V 1aul?, +evo Y V18012,
+C[voPH
<e|Vu|2(p 1)|Au|L2+e|V9|2(p Y12,
+C|9|Lq|A9|L2IV9| )
2(p—1 2 1
<elVul V1 Aul2, +261Vo1Y V18012, +Clo1,
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Using this kind of interpolation inequality and proceeding similarly to
p=1 case, we have

2 2
E|Au()}5+CIEIVO@D)] 5

t
2(p-1
+pv /O ElAu), YV IA%u(s)]]> ds +kpCy

t
2(p—1
><f0 EIVOS)[T ™V 1A0(s)12, ds
2 2
<E[Au(0)| 5+ CIEIVOO)] 5+ CEIO(1)|]

t t
+p€;'/ E|Au|ig”*”ds+pc15f/ EIVo[YVds <co. (2.7)
0 0

Thus we obtain the energy and enstrophy estimates.

Lemma 2.1. For some positive constants Co(0max, Omax, &' 51.9, D),
Ci(x,v,0), and C, we have energy estimates (2.1) and (2.2). Using Gron-
wall’s inequality, we have (2.3) and (2.4). For the temperature scalar field
0, we have (2.5). Finally, we have enstrophy estimates (2.6) and (2.7).

The following lemma is helpful for constructing nice future pasts.

Lemma 2.2. Fix any § > 1/2, and a € (0, 1). Let (u(t), 6(t)) =
@f (1o, 0p). There exists a K1 >0 such that whenever |u()|i2 +Ci |90|i2 < Cy,

t t
P{|u(r>|iz+cl|e(r)|§z+v/0 |Au(s)|izds+xclfo IVO(5)I7,ds

<Co+(EY+Cr1ENt+ K1t +1)°  for all 1>0}>1-a.

Proof. The energy inequality reads

t t
u(®)|7,+Cllo@)17, +v /0 |Au(s)[7,ds +xC) fo IVO(s)[3, ds
t

t
<C0+(5(')‘+C153)t+/ (u(s), dWy(s)) 2 +C1/ (0(s), dWp(s)) 2.
0 0
Since |u()|i2 —i—C1|00|i2 < Cy, all we need to show is that

K K
11]’{M§‘<71(t+1)‘S and C1M?<71(z+1)5 for t>o}>1—a
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for K large enough, where M} =f()t(u(s), dW,(s));» and M,g :fol 6(s),

dWp(s));2. The quadratic variation [M", M"]; can be calculated and one
sees that

t
[M", M"]; < (Omax)’ /O u(s)[3, ds

and
2 ! 2
(M, M), < Gna) /0 0, ds.
Hence
t
2 2
([M",M"]z)’JSGégx </(; |M(S)|iz> < omaxt?” 1/ IM(S)lpdS

and

([Me Mg t)p<0'max</ |9(S)| ) gO’maxtp 1/ |9(S)|2Pds

From the above energy estimates, we know if |u(O)| +C1|9(0)| 12 < Co,

then there exists a constant C,(Cyp) so that IEI|u(t)| +C1E|9(t)| , <C), for
all t>0 and p>1. Now define the events

Ar=1 sup |M"|>—(k+1)‘3
s€l0, k]

and
s€l0, k]

Bk:{ sup CI|M"|>—(k+1>5}

By the Doob-Kolmogorov martingale inequality, we obtain

2PE(M", MM))P o Cp 22PkP
KPP+ 1208 KPP k1D

P{A} <
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and

QCO?E(M®, M1 _ GniexCp 2C1PKP

P{B} < < ,
Kl2p(k_|_ 1)2p8 K12p (k + 1)2p8

Observe that

K
P{M,“ <—‘t5} >1-P(Uidd > 1- Y P{Ar)
2 k

and

K
P{CleSTIt‘S} >1—=P{UBr}>1 —ZP{Bk}-
k

By the previous estimate on P{A;} and P{By}, for any § > 1/2 we see that
the sum is finite for p sufficiently large. Lastly we note that

K K
P{Mfg%t‘s and C1M,9§71t8 for t}O}

>(1=) P{AD =) P{Bi).
k k

> P{Ax} and ) P{By} can be made arbitrary small by increasing K. This
completes the proof. |

Lemma 2.3. For any stationary measure, all energy moments are
finite. In fact for any p>1, there exists a constant K, <oo such that

2 2
/}Lz ul 5 +Cllel S du, 6) <K,
for all stationary measure p and the constant Cj as in the energy esti-
mates. In particular, Kj = (& +C153)/(min{v, K}).

Proof. We will consider the case when p =1. The other cases fol-
low by the same method. For any e > 0, there exists a be such that
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pul(u, 0) € L2 1 Jul7, + C11017, < b} > 1 —e. Let Be denote {(u,0) € L? :
|u|iz—i—C1|9|i2 <b¢}. For any H >0 and ¢ >0, we have

/Mmmiz +C1162) A H)dpu(u, 6)
= /L ECDGulg2 +Crleg, 0172 A H)d (. 0)
<He+ fB E((1¢§ uly> +C11g8 0172 A H)du(u, 6)

<tHet [ B4y ity +Cileg 0 dniw. 0).

Applying the bound in energy estiamtes gives

Eh4C1E&8
f (]2, +CL10P ) A H)dp(u, )< He+-L_—10
L2 L L min{v, k}
0
+e—min{v,K}t b _86{+C160
¢ min{v, «} |~

Taking the limit as # — co and then observing that ¢ was arbitrary, we
obtain

/ ((ul2, +C11612) A H)dp(u, 6)
]LZ

< 5(')4 +Clgg

= min{v, «}

Taking H — oo gives that the energy of any stationary measure is bounded
by (£§ +C 158 )/ min{v, «}. The argument for higher moments of the energy
is the same. This completes the proof. ||

Lemma 2.4. For any stationary measure p, we have
vIE/ |Au(s)|3, ds +KC1Ef IVO(s)|7,ds <E{ +C1& .
L2 1.2

Proof. From the energy inequality, we have for any initial condition
(uo, 00) € L7,
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Elgo, ruol; > + C1El¢o, 60l >
t t
+v]E/ |A¢o,suolizdS+KC1E/ Vo, 50013 ds
0 0

<Elugl3, + C1El67, + (£ + C1EL.

Here we have switched the time integral and the expectation by the
Fubini-Tonelli theorem the integrand is nonnegative. Hence averaging
with respect to the stationary measure gives

/L Elo, ol 2d 1 (uo, 6o) +C /L El0.10017 da(uo, 60)
t
v /L 2 /O EIAdo,stto 2 ds (g, 60)

t
1 / / E[V o, 0012, ds dpa(uo, 60)
L2 Jo

<E[u(0)2, + CIEO0)[2, + (£ + C1E.

Because p was stationary measure, we have

/L  Elo, 1uol7 dituo, 60) + /L | CiElgo, 60l (w0, 60)

= f ol + 16017 2d a(uo, 60)
L

and

t t
o[, [ Bl dasexcy [ | [ Bvon o as
L2 Jo L2 Jo

=t [ 180l diuo, 0-+Cat [ V6L dicu, o).

This completes the proof. |

Lemma 2.5. Let p, be the measure induced on C((—oo, 0], L2)
by any given stationary measure u. Fix any K¢ >0 and 8 > 1/2. Then
for pp,-almost every trajectory (u(s), 6(s)) in C((—oo0, 0], .?), there exists
a constant 7 such that for s <0, |”(S)|%2 + C1|9(s)|i2 <&y + leg +
Ko min(7T, |s])®.
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Proof. The basic energy estimate reads

t t
|u<r)|iz+cl|9<t>|iz+v/ |Au<s>|§zds+xclf IVO(s)[7,ds
o )

<uto)? 5+ CLlO )7, + (Ef + C1EN (t — 10)
t

t
+/ (u(s), qu(S))Lz+C1/ (0(s), dWo($)) 2.
fo

fo

For any fy <t <0, it can be shown that there is no problem writing the
integration against the Wiener path in the above integral (for details see
ref. 6). For any k> 1, we have the following from the above inequality

sup  |u(®)5,+Cr sup  |0(s)]3,
se[—k, —k+1] se[—k, —k+1]

Slu(=R)7, +Cllo(=k)5, +E§+C1E)+  sup  Fi(s),
se[—k, —k+1]

where

Fi(s) = —v/‘ |Au(r)|i2dr—/<C1/ |V9(r)|izdr+/k w(r), dW,(r)) 2
k —k —k

+ey / ‘k<9(r), AW () -

Now define

Ar={(s).0(s):  sup @I+ sup CiloG));,
se[—k, —k+1] se[—k, —k+1]

<EY+CIE] + Kolk—11°)

and Uy = Mg=1Ag. Since Ur are an increasing collection of sets, it will
be sufficient to prove that lim7 ..o up(Ur) =1. Now since u,(Uj7) <
Y k-1 Mp(A7), we need only to show that ), _,u,(A7) <oo. We have

K,
1p(AD < ppl(u(s), 6() : u(=k)|7, + Cl1O(—k)[7, > 7°|k— 11%)

K
Fupluls), 6(s) :  sup  Fi(s)> 7°|k— 11°).
se[—k, —k+1]
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For the first term of the above inequality, Chebyshev’s inequality and
Lemma 2.3 produce

: 2 2 . Ko 5

wp{u(s). 0(5)) u(=K)[72 + CLIO (=Rl > =1k — 17}
16

< ——

K§lk—11%
16C

<—1

K3lk—1]%

Elu(—k)|},+ CTEIO(—k)[] )

which is summabile if § > 1/2.
For the second term, we control Fi(s) by estimating M}/ (s) —a[M}, M}'](s)
and M,f(s) —BIMY, M,f](s). We have

[M{, M{1(s) = / ) > 101w ()1 dr < (0max) / ) lu(r)7, dr
L _

N
< Omax)? / () dr
and

[M{, M{1(s) = / kZ|61|2|91<r>|§2 dr < (Fmax)’ f ) 10(r)17, dr
e _

N
< (Gmax)? / ) IVO(r)[3, dr.

Hence Fi(s) < Mj(s) + CiM] (s) — 2v/(Omax) )M}, M{]— (24 C1/(Gmax)?)
MY, M,f](s) almost surely. The exponential martingale inequality gives us
that

) Ko 5
Hp | @(s). 66 = sup  Fe(s)> k=1
se[—k, —k+1]

2vKy s 2k Ky s
<exp<— |k—1|>+exp<—~—|k—1| .
Umax)2 (Umax)2C1

Since this is summable for any & >0, the proof is completed. |
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3. PROOF OF THEOREM 1

Define two subspaces of L2
L2 =span{e, |k| <N}, L2 =span{ey, |k| > N}
and two subspaces of L2
L? =span{é, |k| <N}, L =span{é, [k| > N}.

We will call L% the set of low modes and L% the set of high modes. We
denote IL,% =L§ < i% and Li =Lﬁ @Z%. We sometimes denote I:% and iﬁ
by L% and Lﬁ for simplicity. Obviously, L2 =L%€9Lﬁ. Denote by P, and
Py, the projections onto the low and high mode spaces. Since we are con-
cerned with stationary measure, we are interested in stationary solutions
of (1.2) that exists for time from —oo to co. We will show in this section
that for such solutions, the high modes are completely determined by the
past history of the low modes. For this purpose, we have

de' (1) = [—vAZe" + P B(E", £*)]dt
HPB(" h") + PeB(h*, ")+ PeB(h", h*)]dt+oa(t?) +d W, (1),
(3.1)
de? (t) = [k AL + Py (" - VeD)dt
H[P (" - VRO + Py(h* - V) + Py(h* - VEO)dt +dWe (1),  (3.2)

dh*
dt(t) = [-VA%h" + Py B(h", h")]
+[PyB(£*, h*)+ P, B(h*, €*) + P B(h", h")]+oa(h?) (3.3)
and
dh®(1)

= [k AR + P,(h* - V)]

dt
+H[ Py (€ - Vh?) + Py(h* - V) + Py (h* - VR?)). (3.4)

Define the set of nice pasts U C C((—o0, 0], L?) to consist of all
(u, 0): (—o0, 0]— L? such that

(i) wu(r) and O(r) are in H' for all +<0,

(i) the energy averages correctly. More precisely,
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f——00

lim —/ |Au(s)|L2ds+ llm —/ |V0(s)|L2ds<50 +C150.

(iii)) the energy fluctuations are typical. More precisely, there exists a
T =T (u) such that

lu(®)2, + C1IOM)17, <EY + C1EF +max (], T)*>.

Lemma 3.1. Let u, be the measure on C((—o0, 0], L?) induced by
a stationary measure p for (1.2). Then u,(U)=1.

Proof. In Section 2, we prove solutions of the Boussinesq equations
are in H' for all . The fact that the last condition is satisfied by a set
of full measure is proved in Lemma 2.5. All that remains to show is (ii).
From Lemma 2.4, we have |Au|L2, |Vt9|2L2 e L'(n) for any stationary mea-
sure u and vf|Au|i2 du+«xCq flVOli2 dM<€6‘+C1€g. Since the measure
is invariant under shifts back in time, the ergodic theorem implies that
for up-almost every trajectories time average converges to the average of
|Au|iz and |ve|22. 1

By @, (¢, hg), we mean the solution to (3.3) and (3.4) at time ¢ given
the initial condition kg at time s and the “forcing” ¢ = (¢, £¢). Denote
by P the set of all £ e C((—o0, 0], ]L%) such that €= P;(u, 6) and h(t) =
D, (L, h(s)) for any s <t <0. From Lemma 3.1, P is not empty.

Lemma 3.2. Suppose there exists a_positive sufficiently large con-
stant C=C(v, k) and N is so large that N> > C(& +C183). If there exists
two solutions

(u1>_ (1) +hY (1) <u2>_ 24 (1) +hy(1)
Or) \e@)+nf@)) \62) \ @) +h5@)
corresponding to some realizations of the forcing and such that
Ui 1753
() ()=

then uy =uy, 6 =01, ie., hf=h5 and hfl) =hg. Furthermore, given a solu-
tion (u(t), 6(t)) €U, any hg, and 7 <0 the following limit exists:

llm CD,O’Z(K, ho):h*
fhp—>—00

and h*=h(t).
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Proof. Denote by p"(t)=h%(t) —h4(t) and p°(t) =h{(t) — h5(t). We
have

d u
= —VA%" + Py Bt p")+ PyB(p", up)+oa(p’)
and
dp® 0 0 u
WZKA’O + Pp(uy-Vp?)+ Pu(p" - V6y).

Taking inner product with p* and p?, respectively, and using the fact
that (P, B(u1, p*), p")12=(PyB(u1, p°), p°);2=0, and |a(p”)|;2 <Clp’|
gives

ld
(|p |L2+_|IO |L2)

Co
<—v|Ap“|iz — T|Vp"|iz+<PhB(p“, u2), p*) 2
2
Co u Vo % 0 u
+_;<u (Pp(p"-V0y), p7") 2 +0ala(p’), p*) 2
2

v.oooyo Co o2 L Cup 2

<—Z|Ap |L2__4v Vo |L2+5Ip 721 Au2(; 2

Cat 40 » | Co® o 2
+K21)4|p |L2|VQ2|L2+F|p |L2|V92|L2'
Since p contains only the modes with |k| > N, the Poincare inequality

implies that
Co?
(|p| +—|p9|§2>
KV

C o?(14v?
<< mm(— —)N2 ;|Au2|§2+ ¥|vez| )

&.lg_‘

44

Co?
X <|Pu|iz + K—U|Pe|iz) .
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For 1y <t <0, we have

Co?
<|p“<z)|iz +W|p9<t>|iz)

Co?
< <|p“(ro)|iz + K—v|p9<to)|iz)

C t
xexp{ mln(Z Z)Nz(t—to)—i- /lAuz(S)@zdS
fo

2 2
+CM/ V65 (5)12, }

Note that we can choose C so large that the exponent is negative. For con-
creteness, we can choose C satisfying

1 1 C | Col(l+v?)
G ) (S8

v
min (5. %)

From the property (ii) of paths in U, we obtain for r <T; and for some
positive constant y,

C 1
2 2
—min <4_l Z>N (t—to)+— /to | Aus(s)l;,ds

2 2
o°(1+v
+eZ Ut )/ A (5) 2, ds < =Lt = 19).
KV 0 2

From the property (iii) of the paths in U, we have |p"(¢)|,2, |p? ®)N2—0
as ty — —oo. For the second part of Lemma 3.2, proceed as before letting
the given solution u(¢) and 6(¢) play the same role of u;(¢) and 6,(¢) and
the solution to (3.3) and (3.4) starting from h{ and hg play the role of u;
and 0y, respectively. Hence we have
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Co?
<|p“<r>|iz+g|p0<r)|iz)
u u2 Caz 0 0,2
< "0 = h 132+ =1 10) — B 2

vV K

2
4 4)N (t=10)

Cc ! a2(1+v?) [!
+_/ |Au(s)|izds+C¥/ IVO(s)Pds |
vV Jy kv f

xexp{—min(

The same reasoning as before produces p“(r) and p?(r) go to zero as
to — —oo. Therefore, it completes the proof of lemma. |

We reduce the dynamics of the Navier-Stokes equations to the
dynamics of a finite-dimensional set of low modes with memory. The
reduced dynamics is no longer Markovian but rather Gibbsian. Let A be
a cylinder set of the type: For some ty, t1,...,t,, g <t} <---<t, <0.

a={ (59 <cime o ma, (407 Y e i=o. .

where A;’s are Borel sets of L2.

u .
BZ{()’,CU), y=<9>€A0, 47,&5),1}16141', l:0,...,n} .

We define 11,(A)= (P x u)(B) where P x u is the product measure on £ x
L2 and

v (Z) (5)=¢? (;‘) (0) for s€[0, 7]

and

1//,‘”(3)(5"):(3)(5") for s <0.

Because of Lemma 3.2, we can define a map &y=(df, CI>8), which recon-
structs the high modes of the solution at time zero from given low mode
trajectories stretching from zero back to —oo. In this notation A*(0) =
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®¥(LY) and h?(0)=®§(L)) where LY and L) are some low mode past in
P. Define

L DY (L, PY(LY)
d>z(L’>=<1>z<L;l>= bt wheron |
0 D/ (Ly, Dy(Ly))
e=", ¢%), and h=(h", h?).

Now given any initial low mode past of L°eP, we can solve the future of
£* using the Gibbsian dynamics

de" (1) =[—v A" + PyB(£", €*) +oa(t®) + G (€ (1), D (L )|dt +d W, (1),
de? (1) =[xk AL + P(0* - VE0) + G (L, @, (L"))]dt +d Wy (1), (3.5)

where G (€4, h*)= P;B(£*, h")+ PyB(h*, £*)+ PyB(h", h*) and G(€, h) =
Py -Vh?)+ Py(h -V 29) + Py(h* - Vh?). We also let Q,(L?, -) be the mea-
sure induced on C([0, ¢], ]L%) by the dynamics starting from L°. Let u be
an ergodic stationary measure and define L] = Sl.“’L? and ¢;(s) =L§(s) for
s<t. Set hi(s)=Dg(L]) and u;(s) = (£;(s), hi(s)). We define the sets

Ai(K) = {feC(0, 00), 1L}):
t t
|u<r>|§2+cl|9<r)|iz+vf |Au(s>|izds+Kclf IVO(5)I7,ds
0 0
<Co+(E8+C1ENt+ K1,

where (u(s), 6(s)) = f(s) + D5 (f, h)).

We set A(K)=A1(K)NA>(K). By Lemma 2.2, we know that for any a €
(0, 1) there exists a K such that

Plo : S,‘"L?GA,-(K)}>1—% for i=1,2
and hence P{w : St“’L(.J € A(K) for i=1,2}>1—a>0. This is just another

way of saying Qoo(L;, A(K))>1—a.

Lemma 3.3. Let L(l) and Lg be two initial pasts in P such that
L?(O) =Lg(0). Let A(K) C C([0, 00), IL%) be as defined above. For any
choice of K >0, Quo(LY, -NA(K)) is equivalent to Quo(LY, -NA(K)).
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Proof. We consider the following truncated process y, z which will
agree with £ on the set A=A(K):

dyi ()= [~vA%y;i(t) + PeB(yi (1), yi (1) +oa(z;)

+O.:(Y!, ZHG1(yi (1), DU (Y], 4 (O))]dt +dW, (1),
dzi(t)= [k Az (t)+ Pe(yi - Vz;)

+O,(Y!, ZDHGor(y(1), @Y, ZL, hi (0))]dt +dWa (1),
yi(0)= £4(0), z;(0)=¢/(0),

where (hY(0), h%(0)) = (LY),

i 1 if(f,9) €Al
Oz(f,g)—{o if(f,g)¢A|[0,i]

and Aljo, 7] is the low mode paths which agree with a path in A up to
time 7. Recall that ®,((Y/, Z!), h;(0)) is the solution to with ¢£=(Y, Z)
and h(0)=h;(0). Let QR°(LY, ) and Q%*(LY, -) be the measures induced
by (Y1, Z1) and (Y», Z»), respectively. If applicable, Girsanov’s theorem
would imply that these measure are equivalent, that is QX% (LY, ) and
O%F(LY, -) be the measures induced by (Y, Z;) and (Y2, Z»), respectively.
If applicable, Girsanov’s theorem would imply that these measures are
equivalent, that is, Q2%°(LY, )= Q%*(LY, -). For Girsanov’s theorem to
apply

o0
E exp{/ i=-te, (!, z))DG@, b, E)|2dt} <00,
0

where

a_(mn) G (L RO L @Fs, B 0))
S \a® )\ efzh nfoy )\ @8z, 15 (0)

o((is) () (2))
h> 81 )

_(Gl(hla ) —=Gi(h, f2) )
“\ Ga((hy, h2), (f1,81)) — Ga((h1, h2), (f1.81) )"

and

Also X is a 3 x 3 diagonal matrix with o;’s and &;’s on its diagonal. Since
|=~!| <00, it would be enough to show that
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00 -
sup/ 10, (Y)YD(@, b, &)|*dt < o,
w JO

where @, b, ¢ are defined as above and Li(s) = (£ (s), E?(s)), hi(s) =
(h(s), hY()). Putting hi(s) = Ds((¥Y}. Z§). hi(0)), (ui(s). 6:(5)) = Li(s) +
hi(s), p(s)=hi(s) —hy(s) and using estimates for the nonlinear terms (see
ref. 5), we obtain

ID(€1(5). h1(s), ha()[72 < Clp"()[7:[lur(9)[32 + |ua(s)[3,]
+C1p" () [2,[161()[32 + 16217]
+C1p% )2 Mlur ()17 5 + lu2(s)[7 5]

Notice that if £; € A|jp, 77 then for all r €[0, T] and some positive constant
C, we have

|M (s)|L27 |9 (S)lLZ \C(C0+(50 +C150)t+Kt4/5)

t t
/O|Au,~(s)|izds,/0 IV6i (5)[7,ds < C(Co+ (£ + C1EN+ K1),

As in the proof of Lemma 3.2, using above estimates produces

Co?
u 2 6 2
(|p O+ ——1p (r>|L2>
ey (2 Co? 0 /(2
g |/O (O)|L2+ Py |,0 (0)|L2

1
xexp{ m1n<— —)Nzt—i-—/ IAMZ(S)ﬁzdS
0

4’ 4
o2(14v?)
+C—3f IVO2(5)3,ds
KV 0
1 o2(1+v?)
< =, —)N? -
Coexp{ m1n(4 4) t+C<v 3

x (c0+(£g+clgg)z+1<z%)} :

Since by assumption N2> C (& —i—Clgg )(we can choose C to be sufficiently
large), hence the estimate on the right hand side of decays exponentially
fast. This completes the proof. |
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For the next step, we need to control high modes by the low modes
as the following.

Lemma 3.4. If h*(r) and h?(r) are the solutions to (3.3), (3.4) with
some low mode forcing ¢*, ¢/ e C([0, ], L%), then SuPyeo, i 1" ()2 +
SUDP;e[0,1] |h9(s)|Lz is bounded by a constant depending on [h*(0);2,
B O)1;2, fo1€“13, ds and [g1€]3, ds.

Proof. Taking the inner product with 4% and hY, respectively, pro-
duces

1d
3 1 Ol = —vIAR O + (PaBG", €, 1) 2
+(PuB(", "), ") 2+ (oa(h®), ") 2

and

1d
EEW@)@Z: —k|VR? | 24 (Pu(h* -V £9), 1) >
+(Py(£" - V%), %), a.

We remark that (see ref. 5)

I )2l <
[(PyB(h", €), B") ;2] <
[(Py(h" - V%), h%) ;2] <
(Pu(e"- V%), h?) ] <

PyB(E", €*), h*) 2| < CIAR"| 2| ALY)3,,
[AR" | 2|h" | 2| ALY} 2,
|ARY|2|V200 | 2|hP) 2,

|AR? | 2| VE 2| ALY

a O aq

and

v Co?
| (oah?), B} g2l < SR I3 + = —1h 17,
Using the above inequalities, we have

s (I OR+ == )13

V
< —§|Ah“|§2 +CIAR"| 2R 2| ALY | o + CIAR" | 2| ALY,

Co?
—jwh@@z + C|AR | 2|V200 | 2R 2 4 CIAR | 2|V €0 | 2| MY 2

SCIR 7| AL 7, + CIAL |+ CIRO L VO, + C IV
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Since ¢“, ¢7 € L2, we have |A£"|;2 <(N)[€*],2 and [V2€9] 2 <(NT)2€0) .
Using Gronwall’s lemma, we have

2
hu 2 G_ h@ 2
O+ =10 01

2 t t
o
<CLR" Oz + 17" O)|72) exp (63 /0 €417 ,ds + Cy /0 Mf’@zds)

t t
+C (/ |Z“|izds+/ |£9|‘£2ds)
0 0
t t
xexp(C3/ |é“|izds+c4/ |E9|i2ds>,
0 0

for some constants Cq, C, C3 and C4. |1

Fix L € P. We consider the following ODEs for comparing the pro-
cess [(t) to the associated Galerkin approximation living on ]le which we
will denote by x(z). Take x(¢), y(¢) as the solution defined by the follow-
ing stochastic ODEs.

dx(t) =[—vA’x + PB(x, x) +oa(y)]dt +d W, (1),
dy(t)=[kAy+ Pe(x-Vy)]dt +dWy(1),
x(0)=£0),  y(0)=£(0).

We do not compare x(t), y(¢) directly to ¢“(z), £?(r) but instead to a mod-
ified version of £“(r), £(¢), which will be denoted by z;(¢) and z»(r).

dz1 (1) = [-vA’z1 + PeB(z1, 21) +0a(z2) + ©,(Z")G 1 (z1, ®¥(Z}, h))]dt
+dW, (1),

dzo(t) = [k Az + Pe(z1-V22) + O:(Z) G (22, @ (Z', ho))]dt +dWy(1),

21(0) = £(0),  22(0)=¢%(0),

where Z' = (Z}, Z}), h{j=®{j(L) and hg:@g(L). For any fixed by > 1, we
define

Lif [§ 12514, dr < (bgCo)*T,
0 otherwise.

®s(ZS):{

For any B C L2, define

[B]={(u, 6) € C([O0, 1], ]L%) S(u(t), 6(t)) € B}.
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Then R,(L(0), B)=Q,(L, [B]). Letting Q; ”(L(0), -) and Q%(L, -) be the
two measures induced on C ([0, ¢], IL%) by the dynamics of x and z, respec-
tively.

Lemma 3.5. Fix any by> 1. Then for any L e P, R,(L?, -) is equiv-
alent to the Lebesgue measure m(-).

For any p, let Py be its projection to the low mode space, i.e.
(Peit)(B) =/L(PL,_1(B)). Then we have the following direct consequence of
Lemma 3.5.

Corollary 3.6. If u is an ergodic invariant measure then Pyu has a
component which is equivalent to the Lebesgue measure.

Proof of Lemma 3.5. Let Q;”(L° ) and Q%L’ ) be the two
measures induced on C([0, 7], L%) by the dynamics of (x, y) and £, respec-
tively. Observe that z(t) =£(r) as long as the trajectories stay in Ar, the
Girsanov theorem will imply Q7 *(L", A7) is equivalent to QY(L°, A7)
for 0 <t < T if the following Novikov condition holds:

1 t
E exp {5/0 127'0,(Z) PG (2(s), Dys(z(s), By(Z°, ho»@zds} <00,

where

o op ai b1 \\_(Gilar, by)
san=o(()- (i) =(aas" )

We will prove the stronger condition

t
sup / G (z(s), D5(Z*, ho)) 2, ds < ce.
z2()eAr JO

We obtain the following estimate on G(see ref. 6):
1G((s), D(Z°, ho)) |3, <C[I2()[3,1h ()3, + [h(5)]},].
where h(s) =P (Z%, hg). We note that

1212, <2172 + 12217, A7, < h“(9)]7 2+ 1k ()2,
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By Lemma 3.4, we know that if z is in A, then we know that

s;(l)p]m(miz <suph*“(1)[3, +sup [h? ()7, < Ca(lhol 2. bo. Co. T).
s€|0, 1

Hence for any z€ Ar, we have

t
/0 1G(z(s), ®(Z°, ho))|3, ds

t
<C’ fo [2) 5117 > +1h(s)[F,] ds

: 1/2 ; ot 1/2
gc/(/o |z(s)|jzds> (/0 |h(s)|izds> +C'Cyt

<C'(bpCo)*TV2C3H? +C'C5t.

Hence Novikov’s condition holds and the lemma is proved. |

Proof of Theorem 1. The proof is the same as the proof of refs. 6
and 11. We just provide the sketch of the proof. For two different ergo-
dic stationary measure i, pup, we can extend them to wy,, and up,
onto the path space P. We can find a functional F defined as above such
that [ F(L)du1,,(L) ;ﬁfF(L)d'm,p(L) Using Fubini’s theorem, we can
find a set A; such that u; ,(P'(€)|€) =1 for all £ € A; and Pyu;(A;) =
1. Define A=A;N A,. By Corollary 3.6, there exists some £* € A. Thus
there exist L, i e Pl(¢*) and Ly € P2(¢*). By Lemma 3.3, Qoo(Ly1,")
and Qoo (L4 2, ) are equivalent. Hence we can find B; C C([0, o), L?) such
that the time average of F converges to F; for all futures in B; and
Qoo(Lyi, Bi)=1 for i =1, 2. Since B; N B, is nonempty, this contradicts
the assumption. This completes the proof. ||

4. REGULARITY OF THE TRANSTION DENSITY IN THE CASE
OF GALERKIN TRUNCATION

In the following, we denote the vector-valued index by g, h, k-n,
and the scalar-valued index by i, j. In this part, we consider the finite
dimensional Galerkin approximations of the three-dimensional reactive
Boussinesq equations with degenerate stochastical forcing. in the domain
T3, with periodic boundary conditions as stated in the Section 1.
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uj

dug = [—vlkPux —i Y (k- up) (s — W

ey 5} @.1)

~ k- Qk
—o (6 — Wk)] dt + qurdpk,,

by = [k |k*Ox —i Y (k-up)Ordt + qox dBf;, (4.2)

where the sum is over h, [e Ky and h+1=k.

We set u; = (Vk + lsk), O = ri + i8Sk, and 9k = +isy = (0, 0, rk)T
i(0, 0, 57, where k-ry=k -5, =0 and rk, sk, 7r, and §; are real-valued.
Let qux =g, +iq;;, and ggr =qp;, +iqy,. Since u_; =iy, and 6_; =6, we
only need to consider a smaller set of indices k€ Ky . We set

Ky = {k€Z? lkloo <N, k3> 0},
K3 = {keZ?| lkloo <N, k3=0, k»> 0},
K3 = (ke Z?| lkloo <N, ks=kr=0, k| > 0}

and K = IC}\, U IC%V U IC]3V in such a way that Ky = KU (-K) and
KN (=K)=¢. Notice that number of the elements of X=(1/2)[(2N + 13—
1], we call such number D. Now if k € K, we can write

PO DI D DI DD
h+l=k h+l=k h—I=k I—h=k
h,leKy h,1eK h,leK h le-K.

We denote by 3 * the sum when indices in K.
So we have

k
dug + Ik Pug+i Y (ke wp) (g —
h+l=k

+i Z (k- itp) (g —

—h=k

T+ Z (k- up,) (it — |k|2 k)

2
|k| h—Il=k

k-6
|k|2 )+ ( k — | |2 k)]dt_qukdﬁut

and

* *
Ao+ [k |k POk +i Y (k)i +i Y (k-up)y
h+Il=k h—Il=k

*
+i Y (k-ip)0r)dt =qox dB-
I—h=k
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By splitting into the real part and imaginary part, we obtain

*
drk+[v|k|2rk— 3 e ri) (st — k) + (k- sp) (1 — 2 k)
i k] |k|
+l=k
k-r
+ Z k)1 — 200 — (ks — gy
k| k]
h—I=k
Z(k ) (s = ks - <2y
- n)(S1 — 2 W ——>
et |k| k]
. kF
+U<rk |k|2 >:|dt_Qukd18ut
and
5 - k-r k-s;
dsi+ [VIkPsi+ Y (- — k) — (k-sp) (51 — 2 k)
k| k]
h+l=k
*
+ 3 k) — T2k + (ki) (st — o k)
|k| |k|
h—Il=k
+ Z - r =y 4 sy — )
r T S S
h\F| — |k|2 h 1 — |k|2
I—h=k
- k'gk s k
+o Sk—Wk dtzqukdlgut’
* k
i+ Ik — Y s+ Gesi+ Y )it — (k- si)Fy
h+l=k h—l=k
*
— Y (k-r)s — -] dt =qf, dBf,
I—h=k
and

*
S+ [k PSe+ Y (k- rn)is — (k- s1)3
h+l=k

*
+ Y kR4 K-S
h—I=k

E
+ D (k)P + k-5 dt =gy dpy,.
I—h=k
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We let
Fyi = —vlkl’ri + Z (k- ra)(sf — k2k>+<k )] = T ki)
h+Il=k | | | |
— Z (k-r) (s} — ki) — Gk -s1)(rf — 2 k)
S |k| |k|
k-r
+ Z (k- r) (s — ki) — (ks (rf — 2k>+a(slgrk,
= |k| k]
k-s
Fy = —vlk]’s — Z (k- r)(rf = = k) = (k51 (5] — = ki)
i |k| k]
h+l=k
= > k)| — lk|2kl>+<k sn)(sf — |k|2k)
h—l=k
- Z (k- ri)(rf — 2k>+<k ) (s) — —2 ki) + 08,35,
k] k]
[—h=k
ES
Fr, = —klkPFc+ Y (krn)s + (k- sn)i
h+1=k
*
— > krw)§ — (k- sp)F
h—Il=k
%
+ > (ks — Ge-sw)i,
—h=k
*
Fy = —klkl*5e— > (k-ri)iy — (k- sp)3

h+I=k

— Y e+ k-sn)3)

h—Il=k

— Y G+ Kk -sn)i.

I—h=k

The solutions (r(2), 7(¢), s(7), $(#)) of our equations is a Markov pro-
cess whose state space is a linear subspace U of R8P, where D=#K. We
can write U =@, g (R ® Ry ® Sk ® Sk) , where (in the below h # k)
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E)ERSDlrk~k=fk=sk=§k=rh=fh =sp,=5,=0},

Ry ={(@, 7, s,

Sk ={(r, 7, s, 5)6R8D|sk~k=rk=17k=§k=rh=fh=sh =5, =0},
Re ={(r, 7, 5, 5) €R®P | rp =51 =5¢ =0, 1 =Fp = s = 5 = 0},

Se ={(r, 7,5, 5) eRP | i =Fe =5k =0, rpy =7 = sp, =5, =0}.

Then we define the Lie algebra U/ corresponding to the state space U
of the solution process as

9 5 . 9
U= {G|G ZGrk i rka +Gskal+ng8—§k
kek

and k-G, =k-G g =0}.

We define also the subspaces Uy =Ry B RL®Gr DGr of U of constant
vector fields, where

.0
Ri={ > ri—ln-k=0t.  G={ > sk—|sk k=0¢,
o123 Tk o123 Ok
- a 0
Ri={f—1, and Gp={5i—
8Vk s Sk

We wish to find the reasonable conditions on the set A/ of forced modes
in such a way that the algebra generated by the fields {Fo} Ul, k eN,

-
where Fo=3_; ¢ l—1~23FrL37+ P a' + Frg + F5 % 35+ contains all the

constant vector fields of U. So the generated Lie algebra if evaluated at
each point of U gives U itself and we obtain the desired hypoelliptic prop-
erty. As indicated in Section 1, we reduced the proof of the uniqueness
of the invariant measure to two parts. The irreducibiblity is proved in the
next section. In this section, we prove the transition probability densities
are regular, i.e., strongly Feller. To show the strongly Feller property of the
Galerkin approximations of three-dimensional Boussinesq equations, we
use the Hormander’s Theorem. Thus we need to compute the Lie bracket
of the form [[Fy, V], W] for general constant vector field V and W. The
following lemma can be obtained from the direct computations.

Lemma 4.1. Let m, neK and V €lUd,,, W €U, with

d a0 d 0
V= L D v —+ 7"
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and

If k=m+n, h=n—m, and g=m —n, then

[[Fo, V], W]

0
=[" - k) Pe(w’) + (w* - k) P (V") + (v - k) Pe(w") + (w” - k) Pe(v*)] - o

d
+H@* k) Pe(w®) + (w' - k) P (v*) — (v - k) Pr(w”) — (w" 'k)Pk(Ur)]'a—
H " h) Pp(w®) + (w* - k) P, (v") — (v° - h) Pp(w") — (w" - h) P, (v*)] - F.
—["-h)Py(w") + (w" - k) Py(v") + (v° - h) Py (w*) + (w* - h) P (v*)]- .
HO' - @) Pg(w") 4+ (w" - g) Py (v*) — (v - @) Pg(w*) — (w* - g) Pg (V)] - —
—[(v" - @) Pg(w") 4+ (w" - g) Py (v") + (v* - @) Pg(w®) + (w* ~g)Pg(vs)]~8—
+[(w* k)" + (Ww" k) + "D+ (vf ~k)u~)r]aifk
Hw* )" —w" - + " -’ — * 'h)ﬁ)r]i~

ary,
d
H-w* - )"+ W"-g)v° - " - g’ + (v* -g)d)’]a—~
Tg
+[—(w" -k — @ -+ W k) + (v -k)ﬁ)s]aig‘k

d
—[(w" -+ " -+ W )T+ F ~h)17)s]@

9
—[(w" -+ @ -+ w*-g)v° + (v*- g)ﬁislg,
8

where Py is the projection of R on the plane orthogonal to the vector k,
and in the above formula the terms corresponding to indices out of K are
zZero.
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Proof. We compute the derivatives of the components of Fj

oF i ) . )
5= VK08 K Sk = S+ S 4)
T

Uik
+k : (sk—m —Sm—k +Sk+m) 811 — W ,

oFy i i i 2kik;
7 :kj(rk_m—}—rm_k—rm+k)+k.(rk_m+rm_k—rm+k) 5ij—_2 s
arih k|
8F3£ i i i 2kik
J :_kj(rk_m+rm_k+rm+k)_k'(rk—m+rm—k+rm+k) 8ij_7 s
orm |k|
Ty _ — V|28 8km +kj(sh_, —si _—sl )
i ijOkm T Rj\Sk—m = Sm—k ™ Sm+k
S
2kik;
+k - (Sk—m — Sm—k — Sm—+k) 5ij_|k_|j s
oF ; oF ; oF ; OF
Tk Sk Tk Sk
07 08 08, 0,
dF;
=5 = —k kP Stm + K (Skom — Sm—k + Sm )
orp
dF;
~rk =k (r—m+Tm—k —Tmik),
S,
aF;
fSk =~k (rg—m+rm—k +rmsi),
I,
aF;
=5 = =k kP Stm + K (Skom — Sm—k — Sm)»
9S8,
dF; 3 s N
o= kj Sk—m — Sm—k +Sm+k),
j
orin
dF; 3 s N
’jk =kj(rk7m+rm7k_rm+k)v
j
R
dF5,

= kj (Sk—m — Sm—k — Sm+k)
as;)
m
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and

: Z_kj(i:kfm +Fm—k _ferk),

~ Thus the nonvanishing second derivatives are the following(we set
Al () =8irkj + 8kt — 2(kik ki) /1KI*.)

82Fr1 )
k/ = ((Sn,k—m - 8n,m—k +5n,m+k)AljJ (k),
ast ary,
2F, |
k~ = _(an,k—m + 8n,m—k +8n,m+k)Alj,1(k)v
arl ary,
3F, .
k- = (8n,k—m - 5n,m—k - 8n,m+k)Aljl(k)v
sk dsp,
8% F;
= Vkl = kl (8n,k—m - (Sn,m—k + 8n,m+k)7
o7y, 0y,
32 F;
= rk[ = kl (Sn,k—m - Sn,m—k + 8n,m+k)
08y, Ory,
3% F;
~—Skj = kj (an,k—m - Sn,m—k - 3n,m+k)
085,08,
and
9% F;
~—Akj = _kj (8n,k—m + an,m—k + fSn,m+k)-
ory, 0ry,

Computing the bracket produces

[[Fo, V], W]
3 92 F, PF:\ 5
L2 {(v;wlr v )_z'
ki i gl=1 dsim Ory dr;, ast | ary

92F ., 92F .,
ro.r Sk S8 Sk 8
+ viwy - —i—vjwl - o
dry drl dspdst ) 9y
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3 2 2 F
0 F; d°F;
4 E : E :{(5rws Tk -I—U;II)S Tk

e 7 97, ds] 35, ri)
2 2

—|—1I)rvs. J F;k. —|—fjgwr 0 ka.>i

37 Dsih 195, or) ) 07k

2 2 2 2
e S N R e A
O, Or;) a7, ar ASuds) 7 95,0s), ) 95k

We analyze the coefficients of the Br;; and as;-(

92F, 92 F.i

r Tk ro.s k

S
viw - -
1 1
! s Br,ll / ari, 85}1

= Smk—n = Om.n—k + 8mni)[(V° - k) Pe(w"); + (w" - k) P (v*);]

+(8n,k—m - 8n,m—k +5n,m+k)[(vr -k) Py (ws)i + (ws . k)Pk(Ur)i]v
92 Fi 92 Fi
ro.r k S5 k
A PV IVIR IS el I
ory, 0y, 9y, 95!,

Bnk—m + 8nm—k + nmr)[(V" - K) Pr(w"); + (w" - k) P (v*);]
+(8n,k—m - (Sn,m—k - 5n,m+k)[(vs -k) Pk(ws)i + (ws -k) Py (vr)i]v

where P (v); =v; — (ki /|k|*)(v-k). We also analyze the coefficients of 07,
and o5,

coefficients of 9y,
= [ﬁr(ws ' k) +v° (wr 'k)](an,k—m - 8n,m—k + 8n,m+k)
+[1Z}S(vr k) + w’ (US 'k)](am,kfn - 8m,n7k +8m,n+k)’

and

coefficients of 05,
=—w" (V" k) (Sn.k—m + Sn.m—k + Snm+k)
+w* (v* k) Gn k—m — Sn.m—k — Sn.m+k)
k) Bm.k—n + Sm.n—k + Sm.n+k)
+v° (ws -k) (Sm,kfn - 8m,n7k - 8m,n+k)~

Thus this lemma is true. |
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We define the set A(N) of all the indices k € Ky such that the con-
stant vector fields corresponding to k if k € K, —k if k € —K, are in the
Lie algebra generated by the vector fields {Fo}Ul, k€ N. The following
lemma studies the algebraic structure of A(N).

Lemma 4.2. Let N be a subset of indices and define the set A(N)
as above.

(i) If me A(N), then also —me AN),

(i) Ifm,neAWN), m+neKy, m and n are linearly independent and
|m| # |n|, then m+neAWN),

(i) If |m|=|n|, V €Uy, W €U,, then the Lie bracket [[Fy, V], W]
span the four dimensional subspace of U, ,.

Proof. (i) follows simply from the property that u_; =i, and 6_ =6.
(ii) Tt is enough to prove that if m, n € AWW)NK and k=m+n €k, then
ke AWN). Let

3 3
9 9 9 9
Vr = e ~—, VS: i N—,
Z_ <o, U9, Z <o, RRFT
1= 1=
0% 9 S 9
W= S di— W= wi— +i—,
;w’ PERATS le PERRATS
1= 1=

where v-m=w-n=0. By the previous lemma, we have
a
[([Fo, V'], W ]+[[Fo, V'], W']= 2((U‘k)Pk(w)+(w~k)Pk(v))'8_
+2((w -k)17+(v~k)111)i~
ory
and
0
[[FO’ Vr]v Wr] - [[F()s VS]’ WY]: 2((1) k)Pk(w) +(w- k) Pk(l})) : a_

+2((w -k)17+(v~k)11;)88—§k

Then let H, I € R3 such that {k, H, I} is a basis of R?, where H, I € R3
span{x € R*|x - k =0} and m, n are in the the spanning space of k, H.
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By the assumption on m, n, it is always possible to choose the coefficient
ar, by, c1, az, by, ¢p such that if

v=a1k+b1H+c1, w=ark+byH + 31,

then 2((v-k)Prw + (w - k) Py(v)) can be any vector in the spanning space
of H, I and w-m=v-n=0. Then, obviously, since we can freely choose v
and w, 2((w-k)v+ (v-k)w) can be any number. Therefore, U is contained
in the Lie algebra generated by the vector fields {Fy}UU,, peN.

(itii) The proof follows from the similar argument in (ii). [

If AIW)=Ky is satisfied, i.e., Hormander’s condition holds, then the
transition semigroup generated by (4.1) and (4.2) is strongly Feller, i.e., the
transition probability is regular.

Lemma 4.3. If A contains the three indices (1,0,0), (0, 1,0), and
(0,0, 1), then the transition probability densities of the solution process
are regular.

Proof. By iteratively using the previous lemma, we can show
AWN)=Ky. For the details, see ref. 13. |

5. RECURRENCE OF NEIGHBORHOODS OF THE ORIGIN
IN THE CASE OF GALERKIN TRUNCATION

In this section, we follow closely ref. 5. In the following, |-];2, |-]j2,
and |- |2 are denoted by |- | for simplicity. Here we consider the Galer-
kin truncation of three-dimensional Boussinesq equations as stated in
the introduction with a degenerately stochastic forcing In the following if
the level of approximation play no explicit role, then we do not express the
level of the approximations. We wish to show that starting from any posi-
tion, the dynamics enters any neighborhood of the origin infinitely often.

We begin with two auxiliary lemmas and set all of the constants v=
k =o =1 for simplicity. For the general constant, we can obtain the esti-
mates as in the same way of the energy estimates. We define

1/2
B(c) = Ig=<u, 0T eLX(T) : |Igl = (fT |g<x)|2dx> <c}.

Lemma 5.1. Let By=85(Cp) and B; =B(C;) be two arbitrary balls
about the origin and & be some positive constant. Then there exists a Ty =
To(Cop, C1) >0 so that for any T > Ty there is a p* with
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( ien)feg Pug,00 {(ZE;;) e By for all r €[T, T—f-h]} > p* = 0.
uo,b0 0

Proof. Define v(t)=u(r) — f(t) and ©(t)=6(t) — §(r), where f(1)=
W, () — W,(0) and g(¢) = Wy () — Wp(0). We see that v(r) and O(z) satisfy

0
3 . .
a—vav—PN(u-V)(v+f)+Af— 0 , (5.1)
i O+

90 o

S =A0 =Py V)(O+) +Ad. (5.2)

Taking L? inner product of (5.1) and (5.2) with v and ©, respectively, and
using the fact that Vu=Vv+ V f, we have

1d \ \ )
EEIIUII — Vol +ClVulllAf vl + 1A FH I+ TNl + 181 vl

5 A A .
< —§||Vv||2+c<||v||2+ IVAIZ+DIAFI? +41017 + 41811

and

1d n N
EZ”®”2 < —IVOIP+ClVullagll®l+ 1Al

——IIV®|I +CUIOIF+ IV AP+ D AgI +mIIVv||

In the above two inequalities, we use

Clvulllafiivi < cnwnnvnnAfn+C||v||||Vf||||Af||

gnwn +ivIPIAfI? + < ||v|| +CIVAIPIA LI,
Claulaglle] < CIIVvIIIIAgHII@II+C||Vf||I|Ag||I|®II

: g IV IE+CIOIPIAZI + 5 ||®|| +CIVEIPIAZIP

and
1 2 2
Ieflv] < Ellvll +4/0]-.

Multiplying 16 on the differential inequality on ® and adding two differ-
ential inequalities on v and ®, we obtain
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—1 = 8o
o (2I|v|| + 8|0 >

1 N A
<- (5 —C3||Af||2) lwl? = (4= Calagl?) o2

+CIVEAIPIAFIP+CUV AP IAGIP +CIAFIP +ClAGI>.

Fix any § >0 and define for any 7 >0

1 2
QS T)={keC(0,T +h];L*(T): sup ||Ak(s)| <min (5, — —) )
s€[0,T] 4C3 Cy

If ( f , 8) €Y, then there exists a constant Cs so that

1 1
§||v<r)||2+8||®(r>||2 < (§||v<0>||2+8||®(0>||2) e~ (/21

+Cs | min|{é ! 2 2—l—m'n 5 ! 2\'
s T~y T~ 1 T~ 0~ .
> 4C;" Cy 4C3" Cy

Hence if ||(#(0), 6(0))|| < Co, then given any C; > 0 there exists a 7 and a
8 such that ||(v(T), ®(T))| < (C1/2). For sufficiently small §, we assume
that ||(f(t),§(t))|| <(C1/2) for te[T, T +h] if (f, g) €. For appropriate
T and §, we have |[(u(t),0(t))|| <C; for t €[T, T +h]. Since for any T €
(0, 00) and 8y >0, Q' is an open set in the supremum topology, we know
P{Q’} > 0. This completes the proof. |

Lemma 5.2. If |jugl® + ||6]|*> > C? a.s. for some constant C, with
Cc? > &y + &Y, where &y s Sg are defined in the Section 1, then

E{lluoll* + 116011*}

P{rc(uo, 60) =t} < o2

exp(—26t),

where §=1— (£} +£5)/C?, C=B(C), and
te((ug, 6p)) =inf{s > 0: (u(s), 6(s)) €C given (u(0),0(0)) = (uo, 6o)}-

Proof. Define Y (s, u) =e* |lu(s)||*> and Z(s, 6) =e2*||0(s)||>. Apply-
ing Ito’s formula gives

dY (s) = [26Y (s) — 2™ [ Vu(s) 1> + €™ (0(5), u(s)) 12 + > £ ds
+265 (u, dWy) ;2
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and
dZ(s)=[28Z(s) —2*||VO(s) > + > E1ds +2e*5 (0, dWp) 2.
Adding above two equalities and using Young’s inequality gives us that

d(Y($)+Z() < [EY+EE — A=) (lus) >+ 16(5)11))]e* ds
+26?55 (u, dW,) ;2 +2e%5(0, dWp), 2.

Define S, =inf{s >0 : [[u(s)||%>+ [|0(s)||* > n(|luoll®> + |6 ||*)} for each n > 1.
Then fix any ¢ and let T =1¢ A S, At. Integrating the previous equation up
to the stopping time T, it follows that

EY(T)+Z(T)) < E(Y(0) +Z(0))

T 2 2
L+ EEAT / (1_ WO+ 1601 ) s
0

T
+2E/ e ((u, AW, )24 (0, dWg) 12). (5.3)
0

Optional stopping time lemma gives us that

T
]E/ 62(35(<M(_x“§)7 qu(x’s))Lz + <9(X,S), dWQ(X,S))LZ)
0

T

:E/ 628‘9((u(x,s/\Sn), AW, (x,8)) 2 +(0(x, s ASp), dWo(x,5))2)
0

=0.

For t <1¢, we have |u(s)||?>+ ||6(s)||*> > C2. Hence we obtain E(Y (t Atc) +
Z(t Ate)) <E(Y (0) + Z(0)) by n— oo. Since |lu(s)||>+ |6(s)||? is finite and
continuous in time,we have S, — co as n — oo. Letting n — oo, we have
E((Y+2Z)t Ate)) KE(Y +Z)(0))). Then we have

EY (0)+Z(0)) > E{Y(wc) + Z(tc) |t > tc}P{t > ¢}
HE{Y()+Z@) |1 <te}P{t < e}

> C2eP'Pir < o).

This completes the proof of lemma. [
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Lemma 5.3. Fix an 2 >0 and an open neighborhood U; of the ori-
uo

gin. Then given any initial condition 6 )

u(nh) . .
Py, 0o {(0(nh)> € U for infinitely many n} =1.

Proof. Define C and C as in Lemma 5.2. Since U; is open, we can
pick C; small enough B(C;) C U;. Let Ty be given by Lemma 5.1 when

B(Cp) =C, where <gg) €B(Cp). Now let T be the smallest integer multi-

ple of h that is greater than (7Tp+2h) and set n*=(T/h). Define (ggg:;)
by v,. By Lemma 5.1, there exists a p* >0 so that

P {vn+,,*_1 eU | (28) €C for some te€[(n—1)h, nh]} > p*.

Define the sequence of increasing integer stopping times 1, by

7o =Inf {n>1 (Zg;) €C for some t€[(n— 1)h, nh]]

and for k>0

rk:inf{nktk_l +@m*+1): <Zgg> eCfor somet e[(n—1)h, nh]}.

By Lemma 5.2, it is clear that each i is almost surely finite. Let us define
#y, (n) as the number of k €[0, n] so that v, € U;. By Lemma 5.1, we have
that for any n and M, with M <n,

P{#y, (t, +n*) < M}y < (1—p*" M.

Hence we see that Uj is visited infinitely often almost surely. ||

Proof of Theorem 1.2. The proof is almost same as the proof of
ref. 5. But for the completeness, we provide the proof. Let p, be a transi-
tion density of the system (4.1) and (4.2). Fix 2> 0. Since [ p;(0, y)dy=1,
there exists a yg such that p; (0, yp) >0. By Lemma 4.3, there exists an
open neighborhood of 0 denoted by Aj, an open neighborhood of yy,
denoted by A,, and a positive constant & such that p,(x, y)>dg if x€ Ay,
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y€A,. Let m be the normalized Lebesgue measure on A;. We claim that
Markov chain (u,,6,)T by setting (u,, 6,)" = u(nh),0(nh))T satisfies Har-
ris’ condition, i.e., we need to show that for any measurable B C A, such
that m(B) > 0,

Py 60{(n, 0,) € B for infinitely many n}=1.

Let 1, be the n-th time such that (u,,6,) is in A;. By Lemma 5.3, we see
that #,’s are well defined and finite with probability 1. Define #5(n) as in
the proof of Lemma 5.3, to be the number of k €[0, n] such that (uy, 6;) €
B. Since B C A,, we have

Puoﬁo{(un»en)eBK“n—la en—l)GAl}Z/ Pr((Up—1,60,-1), y)dy = Som(B).
B

We have §; =38ym(B) >0 because m(B) > 0. Fix some positive M and n
with n > M. Hence we have

P{#p(ths1) <M} <(1—8)" M.

If n— oo, P{#p(t,+1) <M}— 0. Since M is arbitrary, B is visited infinitely
many times almost surely. This completes the proof of Theorem 1.2. |

Remark. In the proof of Lemma 4.2, we use the peculiar property
of the three dimension. For the Galerkin approximations of two-dimen-
sional Boussinesq equations, we can show some modes (e.g. (1,0), (1, 1))
satisfy (ii) of Lemma 4.2 by direct calculations (see ref. 5). The recurrence
of neighborhoods of the origin is still true for two-dimensional Galerkin
truncation. Thus we can obtain the similar result with Theorem 1.2 (e.g.
for the case that set of modes forced includes (1, 0) and (1, 1)) for the two-
dimensional Galerkin truncation of the Boussinesq system. It is also inter-
esting to look for other cases(even minimal conditions) for which Theorem
1.2 holds.
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